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. Let z = sn{w,k) be the Jacobian sine-amplitude function as defined, e.g. in 1],
The tables list five-D values of the quantity w = u + iv where z is given by z =
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FOREWORD

The present tables were prepared by the Applied Mathematics Research
Laboratory of Aerospace Research Laboratories, under Project No. 7071.
The computations were initiated by Mr. Henry E. Fettis, and carried out

by Mr. James C. Caslin on the (DC 6600 electronic digital computer.
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ABSTRACT

Let z = sn(w,k) be the Jacobian sine-amplitude fumction as defined,
The tables list five-D values of the quantity w = u + iv

where z is given by z = a + ib, for the following values
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are expressed as decimal portions of the quarter-
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TNTRODUCTICON

The Jacobian elliptic fumctions with camplex agrumief cccur primarily
in preclems of conformat mapping (see, e.g. [4]). Tabulated values of
twne . .t ‘ons can be found in j<f a1 3], Frequently it is desill*ous
to k .« ..o inverse function, for example, tc find w if sn{w) is given.
This would require interpolstion in two variables, which is both incor-

~nient and inaccurate, particularly in some vegions where a small change

in ths argument results in a large change in the function. The ciarts in
{2] can be employed to obtain qualitatively correct values of the inverse
function, but to date no explicit tabulation is known.

The present tables give values of the inverse sine-amplitude function
w = u + iv for values of a and b which cover the entire first quadrant of
the a + ib plane. The quantities u and v are expressed in the form u/K
and v/K* where K = X{(k) and XK' = K(k') are the conplete:elliptic iptegrals
with modulus k and k' = /erl-c—z, respectively, These quantities define '

the quarter-periods of the corresponding elliptic functions.
THE ADDITION FORMULA FOR THE INVERSE SINE-AMPLITUDE FUNCTION

Since by definiticn

v+ iv= sn'l(a + ibj = R, k) 9]
where
a*+ ‘b = sin{y) = sin(® + i4), » (2)

2 Ra ey e i
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the problem of cbtaining the javerse sine-amplitude function is actualily
equivaient to camputing the elliptic integral with complex amplitude.
This could 6f course be accomplished rlirectl}; either by series or reduc-
tion of modulus. However, a simpler method can be derived v '.sing the
addition formula for ﬁhe amplitude function,

We have, considering first ¢he case of real argument,
Y= 8 < d=amluv) (3
and by the addition forrula [1]

tmd=thtdn v

4
tan ¢ = th v dn u
where the modulus of the elliptic functions is k.
Eliminating successively sn u and sn v between Eqs (4) we get
|
k2c052¢sn4u - [+ k2 (sinzecoszd) - coszesinzcb)]snzu + sinze =0
| ' (5)
KcosZesn’y - 1+ K (cc:szesinch - sinzecoszcb)]snzv + sin2¢ =0

Solving gives

- v/(l— + k sinecosqa}z - kzcoszesinzcb - r/Q -k sinecosd))z - kzcoszesinzct

sn u ¥ oSt
6

| v = /(1 + k cose§_i;§1¢)2 - kzsin?‘ecos'ch - /(1 - X <:osesind\l2 - kzsinzecos?‘cp

sn 7k cos®
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Making usz of Eq. 2 and the result

cos A = '/z{/(l + b)2 »az + :( - b)2 - az},
(N
cos ¢ = ¥/(1 + )2 - b2+ 1 - a)% - b4,

Egs. 6 may be written explicitly in temms of a and b.
In the case of complex argument v is replaced by iv, ¢ by i¢, and
b by it. The first equation 6 becomes

Z 2 4 2 ;a2
N R s
saf,k) X Cosh ¢

(8

_ ot @f - -2t @)
s )l s @)+ 1 - ka)l + (kb)
/ 2 YA / 2 2

while the imaginary part is more easily calculated from the second Eq. 4,

after usiig the transfornation tn{iv,k) = sn(v,k')

sn(v,k') = tarh ¢ %)

/{ - kzsnzu

With sn(u,k) and sn(v,k!) known it is easy tn find u and v by the

conventional method of modulus reduétic-n from the formulae
v = Fla,k)
v = F{8,k')

where sin &« = sn u, sin 8 = sn v.
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In the case where b = 0, Eqs. 8 and 9 simplify to

1 a) - |1 -ka
sn(u,k) = (L lélz)coslll [ |

tanh ¢

vl - kzsnzu

sn(v,k') =

cosh ¢ = 5[(1 + a) + |1 - a|]

If a < 1, the above equations give

sn(u,k) =

I
[

[}
(=]

sn{v.k)
and

u+ iv = F(sin'la,k).
If a>1 and ka > 1, we obtain

cosh ¢

i
[V

tanh ¢ a“ - 1/a

i

sn(u.k) = 1/ka

i
[

sn{v,k')

(10)

(11)

(12)

(13)
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Hence

u+ iv = B[sin"t(1/ka) k] + ik' (). (14)
Finally if 2 >l and ka <1

cosh ¢

4
0

sn(u,k) =1 (15)

»’az - 1/ak’

)

E: sn(v,k*)
and

w+ iv = K{K) + iF(/a% - 1/ak' k"), (16)

If ka = 1, both Eqs. 14 and 16 give

- u+iv = KGO + K (K) an

JE——EE

- — e —————————— 5 W

(3]

(3
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